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Our recent studies of the interactions between large-scale structures and fine-grained
turbulence in plane mixing layers have shown that many physical features of the
problem may easily be obtained from an approximate energy integral description (Liu
& Merkine 1976; Alper & Liu 1978), and this is confirmed by computational models
(Gatski & Liu 1980). In this work, therefore, the approximate description is used to
study at length the development of large-scale coherent structures in the technologi-
cally important problem of the round turbulent jet. The analysis begins from the
radially integrated form of the kinetic energy equations of the mean flow, the large-
scale structure and the fine-grained turbulence, which are obtained through the use of
the usual Reynolds time average and a conditional average with reference to the
frequency of the idealized monochromatic component of the large-scale wavelike struc-
ture. This forms the basis for obtaining the ‘amplitude equations’ for the three com-
ponents of the flow in terms of the mean flow momentum thickness, the large-scale
structure kinetic energy and the fine-grained turbulence kinetic energy across the jet.
These are obtained via the accompanying shape assumptions which also implicitly
address the closure problems. The large-scale structure is also characterized by the
Strouhal number St = fd/Us, where fis the frequency, dis the jet diameter and U, is the
jet exit velocity, and by the azimuthal wave number 7. The calculations are compared
with the well controlled forced-jet observations of Binder & Favre-Marinet (1973),
Favre-Marinet (1975), Favre-Marinet & Binder (1979) and Moore (1977). Although
the present approximate considerations are not directed at structural details, the
comparisons with observations on this aspect are most encouraging. Further theoretical
work is presented that addresses the fundamental understanding of the mechanisms
leading to the development of large-scale structures in turbulent jets. In general,
large-scale structures in the range 0.02 < St < 1.60 are found first to amplify in the
streamwise direction and subsequently to decay. As St is increased, the streamwise
location of the peak signal moves upstream, and the streamwise lifespan shortens. Con-
sequently, high-frequency components of the large-scale structure dominate upstream
while low-frequency components prevail further downstream. The Strouhal number
that gives rise to maximum amplification is about 0.70 for weak initial levels of the
large-scale structure and decreases to about 0.35 for very strong initial levels. As the
initial energy level of the large-scale structure increases, its maximum relative ampli-
fication decreases until a level is reached beyond which the large-scale structure decays
immediately downstream. This is explained in terms of the modification of the mean
flow by the increasingly high energy levels of the large-scale structure in such a manner
that it chokes off its own energy supply from the mean flow. At low Strouhal numbers

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
SOCIETY L

PHILOSOPHICAL
TRANSACTIONS
OF



http://rsta.royalsocietypublishing.org/

' . \

THE ROYAL A
SOCIETY )

PHILOSOPHICAL
TRANSACTIONS
OF

a
A Y

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

LARGE-SCALE STRUCTURES IN A ROUND JET 543

the n = 1 helical component amplifies initially more than then = Oaxisymmetric com-
ponent for the same initial energy level. However, the n = 1 mode decays subsequently
much faster than the n = 0 mode for all Strouhal numbers. This is attributable to the
azimuthally-related wave-induced turbulent shear stresses in the # = 1 mode which give
rise to additional mechanisms for energy transfer to the fine-grained turbulence. The
possible control of the large-scale structure is fully explored through considering ad-
justments of the energy levels of the fine-grained turbulence and changes in initial mean
velocity profile through changes in the momentum thickness at the nozzle exit. Increas-
ing the initial turbulence levels and smoothing the mean nozzle exit velocity profile
places restraints upon the downstream amplification of the large-scale structure. The
non-equilibrium development of the large-scale structure is sensitive to its own initial
conditions and spectral content, the initial condition of the fine-grained turbulence
and the mean flow. Physical and quantitative studies of the large-scale structure in
turbulent shear flows thus necessitate that the nature of such an initial environment
be established and understood.

1. INTRODUGTION

Observations on large-scale coherent structures in turbulent shear flows have now become
rather plentiful; indeed, aspects of the problem have provoked stimulating conferences (Davies
& Yule 1975; Murthy 1975; Smith & Abbott 1978). If one extends the physical ideas from non-
linear hydrodynamic instability and transition in laminar flows (Stuart 1963, 1965; Lighthill
1963), it is not entirely surprising that such instabilities and transitional structures should also
occur in the geometrically similar turbulent shear flows. The mechanisms for the production of
large-scale instabilities still remain; however, the competitive limitations on the strength of these
instabilities come necessarily from the more efficient ‘dissipative’ actions of the finer-scale
turbulent eddies rather than the dissipative actions of viscosity in laminar shear flows, and
‘bursts’ of fine-grained turbulence generally occur at the expense of large-scale coherent struc-
tures. '

This interplay between large-scale coherent structures and fine-grained turbulence has been
the subject of our recent work on free shear layers (Liu & Merkine 1976; Liu & Alper 1977; Liu
et al. 1977; Alper & Liu 1978; Gatski & Liu 1980). There the mechanisms of the interaction are
illustrated without the dynamical complications arising from the simultaneous occurrence of
several modes of the coherent structure, or of randomized phases of a single mode. These latter
phenomena, probably attributable to uncontrolled initial and background disturbances, lead to
¢pairing’ or agglomeration of the coherent structures (Winant & Browand 1974; Roshko 1976).
Such agglomerations are also observed in laminar shear layers and are identified as subharmonic
formations (Freymuth 1966; Browand 1966; Kelly 1967; Miksad 1972, 1973). It has recently
been shown experimentally that the agglomeration process can be enhanced in an orderly
fashion or entirely suppressed through proper control (Ho & Huang 1978; Bouchard & Rey-
nolds 1978) so that a single mode persists downstream. It has been shown that in this situation a
relatively clean experiment could conceivably be designed, to study the interactions between a
single-mode coherent structure and the fine-grained turbulence.

In this paper we shall present studies of the large-scale coherent structure in a developing
round turbulent jet. This problem is motivated in part by the jet noise source problem (Bishop
et al. 1971; Liu 1974) and the need to understand the interactive roles of entrainment on the
large-scale and the mixing on the fine scale in the turbulent fuel jet problem (Marble & Broad-
well 1977). The basic theoretical framework utilized here follows from the approximate des-
cription based on shape assumption ideas, discussed in Liu & Merkine (1976) and Alper & Liu
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(1978). A recent numerical solution of a similar problem (Gatski & Liu 1980) confirms the
usefulness of those approximation ideas and demonstrates the simplicity with which the desired
physical information may be obtained.

The existence of large-scale coherent structures in the initial region of a round jet has been
well-established by several investigations. To bring out the earlier observations of Bradshaw et
al. (1964) and Mollo-Christensen (1967) more clearly, Crow & Champagne (1971) repeated,
under well controlled conditions, an experiment in which a disturbance of a given frequency
is forced into the jet ahead of the nozzle exit and its subsequent downstream behaviour is ob-
served. Crow & Champagne (1971) pointed out that if there is no inherent coherent structure in
the unforced case, then the result of forcing will be damped. On the other hand, if there is a
natural tendency toward order, the periodic forcing may raise the inherent structure above the
background turbulence. By using several methods of flow visualization and by measuring the
fluctuating velocity along the jet centreline, Crow & Champagne (1971) were able to detect a
travelling wave system the amplitude of which reached a maximum and then decayed gradually
downstream. By measuring the pressure fluctuations inside the jet and displaying their spatial
signature, Chan (19744, b) also demonstrated the instability-wavelike behaviour of the large-
scale structure. Through flow visualization, Moore (1977) also showed that a turbulent round
jet has a definite coherent structure that starts as an instability wave on the shear layer. Binder &
Favre-Marinet (1973), Favre-Marinet (1975) and Favre-Marinet & Binder (1979) have imposed
disturbances of very high relative magnitude in a turbulent round jet. By means of a butterfly
valve mounted ahead of the nozzle, a periodic fluctuation of a relatively large amplitude was
imposed on the mean efflux velocity. Through phase-averaging, the coherent structure was educed
and its amplitude was found to rise to a maximum and then to decay farther downstream. In an ex-
periment on a natural jet by Lau & Fisher (1975), spikes appeared regularly in the hot-wire signals.
By locking to these spikes and taking the phase average of the signal, Lau & Fisher found that
the shape of the resulting trace became sinusoidal. This, in effect, shows the existence of coherent
structures in natural jets also. Such experimental evidence supports Roshko’s (1976) conclusion
that there is little doubt that coherent structures play a central role in the development of many
turbulent shear flows such as mixing layers, boundary layers, and the early regions of jets and
wakes. On the basis of earlier observations, Liepmann (1952) had pointed out the importance
of large-scale structures some time ago.

2. D1scUSSION OF THE FORMULATION

The problem considered here is that of a jet at room temperature emitted at low speeds into
still air by a nozzle of a given radius. The Reynolds number is large enough for the flow to be
turbulent at the nozzle exit. The fluctuating flow components at the nozzle exit are considered
here to be made up of two constituents: random fine-grained turbulence and a wavelike single-
frequency large-scale coherent structure. The development of the latter is governed by its
interaction with the mean flow and the fine-grained turbulence.

The problem can be viewed as a simplified model of the situation in natural or forced jets. In a
natural jet the fluctuating flow components at the nozzle exit consist of fine-grained turbulence
and a large-scale structure of multi-frequency components. Each frequency component of the
large-scale structure interacts with the mean flow, the fine-grained turbulence and the other
frequency components of the large-scale structure. The energy levels of the large-scale structure
components are, in general, much lower than those of the mean flow or the fine-grained turbu-
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lence. Therefore, if one considers a single-frequency component of the large-scale structure, the
energy that this fundamental component exchanges with other large-scale structure frequency
components may be neglected with respect to the energy that it exchanges with the mean flow
or the fine-grained turbulence. Thus, the work described here models the situation in a natural
jet by considering several frequency components one at a time, while neglecting the interactions
among these frequency components. The simultaneous presence of several large-scale structure
frequency components is neglected with regard to the energy exchanges.

For a forced jet, a disturbance of a single frequency is imposed upon the jet. Its development
along the jet is governed by its interaction with the mean-flow, the fine-grained turbulence and
the large-scale structure that is naturally present at the nozzle exit plane. However, the energy
level of this forced wave is usually much higher than that of the natural large-scale structure.
Hence, the energy that this forced wave exchanges with the natural large-scale structure may be
neglected with respect to the energy it exchanges with the mean flow or the fine-grained turbu-
lence. Thus, we model the forced jet here by considering a single azimuth-frequency wave
identical to the forced one. The development of this forced wave is given by its interaction with
the mean flow and the fine-grained turbulence, and the interaction with the natural large-scale
structure is neglected. '

Further, by considering the frequency of the forced wave as fixed, we exclude the vortex
pairing (Winant & Browand 1974) possibly produced by the forcing of large-scale structures of
different phase velocities (Liu & Alper 1977). Thus, this situation corresponds to a ‘clean’
experiment and we focus attention here on the interaction between the large-scale structure and
the fine-grained turbulence to isolate and understand the mechanisms involved in the interaction
process in a round jet.

To account for the wave’s observed rotation around the jet centreline, we consider both the
axisymmetric and the asymmetric azimuthal components of the large-scale structure (which
observations have shown to be the two dominant components). Since the energies of these
azimuthal components are, in general, much smaller than those of the mean flow or the fine-
grained turbulence, the interaction between these azimuthal components can be neglected. Thus
by considering these two azimuthal components one at a time, we account for the wave’s rotation
around the centreline, but their simultaneous presence is neglected with regard to the energy
exchanges. Furthermore, the azimuthal wavenumber is considered to be constant along the jet.
Hence switching from one azimuthal mode to another along the jet is precluded from consider-
ation. The appearance of harmonics of the fundamental wave, observed by Crow & Champagne
(1971), may also be neglected with regard to the energy exchanges. First, the energy of these
harmonics is much smaller than that of the fundamental. Secondly, since these harmonics were
found to be comparable to the fundamental harmonic only in the final stages of the wave’s decay,
their effect, if any, will be restricted to these final stages, and thus the development of the wave
ahead of these final stages may be studied without taking them into consideration.

With the above simplifications, the conditional average (which is here the phase average) is
taken in addition to the usual time average to sort the flow quantity into three components:
steady mean flow, large-scale coherent structure and fine-grained turbulence. Observations
(see, for instance, Mollo-Christensen 1967) show that the large-scale structure in a turbulent jet
can be successfully modelled by a wave-train that oscillates in time and space, with its amplitude
increasing or decaying along the jet. The development of this large-scale structure and its inter-
action with the fine-grained turbulence in a two-dimensional free shear layer have been studied
by Lui & Merkine (1976) in the temporal case and by Alper & Liu (1978) in the spatial case.
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In the work described here, it is emphasised that the interaction between the large-scale
structure and the fine-grained turbulence is based on the detailed physical mechanisms of the
wave-induced stresses. These wave-induced stresses, defined as the difference between the con-
ditional and the time average of the instantaneous fine-grained turbulent stresses, play an essen-
tial role in the energy exchange between the large-scale structure and the fine-grained turbulence.
By time-averaging the product of these stresses with the appropriate wave-rates of strain, one
can explain the local kinetic energy transfer mechanism. In earlier work eddy viscosity was used
to model these wave-induced stresses (Liu 1971, 1974; Merkine & Liu 1975; Morris 1974;
Chan 1975). However, such an eddy viscosity model implies a one-way energy transfer mech-
anism from the large-scale structure to the fine-grained turbulence. Although this assumption
may be true in the large, the local energy exchange can in fact go either way, from the large-scale
structure to the fine-grained turbulence or vice versa. Thus, an eddy viscosity model ignores the
detailed physical picture of the energy transfer mechanism although it has been useful in assessing
its overall process. Favre-Marinet (1975) concluded from his experiments that an eddy viscosity
model for the wave-induced stresses is incorrect locally. In work described here, therefore, we
follow Liu & Merkine (1976) and Alper & Liu (1978) and obtain these wave-induced stresses, in
detail, through an approximate consideration of their transport equations.

3. CONSERVATION EQUATIONS

The procedure of applying both conditional- and time-averaging techniques to describe the
interactions between the mean flow, a monochromatic large-scale coherent structure and the
fine-grained turbulence has been thoroughly discussed in the literature (Hussain & Reynolds
1970; Reynolds & Hussain 1972; Kendall 1970; Binder & Favre-Marinet 1973; Favre-Marinet
1975; Liu & Merkine 1976; Alper & Liu 1978; Gatski & Liu 1980). The usual time average is
defined as T

1) = 7 [ gt

where T'is greater than the period 7 of the large-scale structure at least. The conditional average,
which is here the phase average, is defined as

N
{g(x,8)) = lim N1 % ¢(x,t+n1).
N — 0 n=0

The conditional average is denoted by { ) and the usual time average is denoted by ().

The relevant conservation equations for the round jet can be cbtained from basic principles;
one begins from, say, Appendix 2 of Batchelor (1967) and systematically applies the three-
component splitting procedure and the two appropriate types of averaging (Hussain & Rey-
nolds 1970). Here, we shall state the integrated forms of the kinetic energy equations for a round
turbulent jet that is axisymmetric in the mean.

The coordinates and geometrical arrangements are shown in figure 1; x, r and ¢ are the stream-
wise, radial and azimuthal displacements, respectively, and , » and w are the respective velo-
city components. Mean quantities will be denoted by capital letters; the large-scale structure is
identified by a tilde (~) and the fine-grained turbulence by a prime (’). The mean flow integral
kinetic energy flux equation is

1d (e,  [° = = 0U
Egp-cfo U rdr—-——f0 (—u'v —uv)-é-r—rdr, (3.1)
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circular nozzle exit

— A ru fully developed
=== xu jet (x~20d)

potential core

Ficure 1. Diagram of the initial region of a round jet.

where all velocities are normalized by the jet exit velocity U, and lengths are normalized by the
nozzle radius R (subsequently, the pressure p will be normalized by pU?2, where p is the fluid
density). The large-scale structure integral kinetic energy flux equation is

d (.4 © U R
a;fo UQrdr=J‘0 —uvgr—rdr—fo — 73585 dr, (3.2)

where the kinetic energy is @ = 34;4;, the wave-induced stresses are 7;; = (u;u;) —uju; and the
components of the coherent-structure rate of strain tensor are

Lo, i@, 1 o
%@ = Jx T 2\dx or)? % 2\r0¢  ox)’
L L _pden o) s
= T3 Tor rog|’ T rog v

If the coherent structure is axisymmetric then é,, and ¢, are absent. The fine-grained turbulence
integral kinetic energy flux equation is

(" vgar= [ v ¥Crars [7 —Frzgrar— [“erd 3.3
— grdr = —u'v" — rdr — Ty rdr— erdr .
G v = [T s [T -mggrar- [Taar (3.3)
where the turbulent kinetic energy is § = 4(u;%;) and the dimensionless rate of viscous dissipation
of the fine-grained turbulence is & (The rates of viscous dissipation of the mean flow and coherent
structure have been neglected.)

4, SHAPE ASSUMPTIONS

As in previous work (Liu & Merkine 1976; Alper & Liu 1978), the integral energy equations
provide the fundamental basis for deriving the ‘amplitude’ equations for the study of nonlinear
interactions among the three cascading scales of motion after shape assumptions are made. The
parameters that characterize the mean jet flow are the local momentum thickness and the jet
centreline velocity; these are related through the conservation of total jet momentum flux, thus
leaving, say, the momentum thickness as the sole parameter. The large-scale structure and the
fine-grained turbulence are characterized by their respective energy content across a slice of the
jet. Essentially, the closure problems are entirely encompassed in the shape assumptions that
follow.
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(a) The mean flow

Using Freymuth’s (1966) experimental results, Michalke (1971) proposed the following two
profiles that were used subsequently by Favre-Marinet (1975) and Morris (1977) to describe the
adjustment from a top-hat profile, at the nozzle exit, to a fully developed jet profile downstream.
Near the nozzle exit, where the local momentum thickness ¢ < 0.08, the mean flow velocity is

1 b file I:
given by profile f 0<r<i_is,

Hi+tanh[(1—-7)/26]}, 1-38 <, (4.1a)

UjU, = {
where U, is the mean velocity at the jet centreline, ¢ is the shear layer thickness (chosen such that
tanh (6/40) = 1, in order to minimize the discontinuity of the profile at r = 1—4¢) and @ is the
local momentum thickness. In the region toward the end of the potential core, where € > 0.08,
the mean flow velocity profile is given by profile IT:

U/U, = {1 +tanh[(r-1—7)/46]}. (4.15)

The first profile is equivalent to the hyperbolic tangent profile of a plane free shear layer
(Liepmann & Laufer 1947). Such a similarity is not surprising since, close to the jet exit, the
axisymmetricshear layer is approximately two-dimensional. The transition from one profile to the
other is smooth and the two profiles are almost identical at the switching location § = 0.08. Near
r=1, (rt—r)/460 ~ (1—r) /26, profile I could thus have been directly used to represent the
mean velocity profile near » = 1 for small 8. However, it could not adequately describe the top-
hat nature of the profile near the jet nozzle exit. Profile I is thus used for § < 0.08 (which is
attained when x < d) in the computation for # < 4 only, while profile II is used for the rest of the
jet. The latter is a good approximation of the jet transition region and not of the fully developed
jet. Our interest is primarily in the study of large-scale structures, the decay of which takes place,
essentially before the fully developed region. Our concern here, therefore, does not include
profiles further downstream.

The mean flow shape given by (4.1) represents a family of profiles governed by the two para-
meters U and 6. These two parameters are related through the integral momentum equation

=]
f U?%rdr = const.
0

Thus, only one parameter, 6§, is left to be determined by the energy exchange among the three
flow components. The mean flow shape is coupled, through 6, with the large-scale structure as
well as with the fine-grained turbulence. Thus we obtain U, = 1 for profile I; for profile II, U, is
a slowly decreasing function of ¢, in accordance with the general experimental observations (see
for example, Maestrello & McDaid (1971)). However, the actual distribution of U, along the jet
cannot be known until § along the jet is obtained from the nonlinear analysis. Because the mean
flow shape depends explicitly on 6 and only implicitly on x, the radial integrals involved in the
integral energy equations can be obtained for a given @ instead of a given x. Therefore, in the
shape assumptions that follow, functional dependence on x will, for convenience, be replaced by
functional dependence on 6.

(b) The fine-grained turbulence correlations

With regard to the fine-grained turbulent stresses, Mellor & Herring (1973) point out that it is
appropriate to compute the turbulent kinetic energy, since it is the primary property that dis-
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tinguishes a turbulent from a laminar flow; the turbulent stresses can be related to the turbulent
energy through a relation representing the departure from isotropy:

ujuy = (ay+484) 4, (4.2)
where the constants a;; are such that o;; = 0, with repeated indices denoting the summation
convention; &;; is the Kronecker delta.

Guided by the measurements of Bradshaw et al. (1964), Candel, Guedel & Julienne (1975),
Davies et al. (1963), Ko & Davies (1971), Laurence (1956) and Sami ¢f al. (1967), we model the
turbulent stresses in the jetas

ujuj = a;; E(x) G(0) exp (= 77%), (4.3)
where #2 = (r—1)2/6%; and a,; and ¢, are constants. Within the potential core, m_; has thesame
value as it does at the inner edge of the shear layer. The constants a;;, relative to a,;, are, from the
above experiments,

[ay,] 1.00]
Ag 0.50
| _ 0.50 , (4.4)
ay9 0.33
Ay 0.00
| @5 10.00]

and ¢, is taken to be 20 to give the best match with experiments up to x/d ~ 10. The coefficient
G(0) is a normalization function which gives E(x) as the fine-grained turbulence energy over a
disk across the jet. Thus ©
E(x) = fo grdr. (4.5)

Consequently, it follows from (4.3) and (4.5) that G(0) is defined as

G(0) = l/f: exp (—#?) rdr. (4.6)

Equation (4.3) is thus the same as (4.2) provided that the local energy, g, is related to the inte-
grated energy, E, through the exponential shape of (4.3).

The shape assumption (4.3) is similar to that of Liu & Merkine (1976) and Alper & Liu
(1978) for the plane mixing layer. However, E(x) is taken here to be the integrated energy across
the jet, while in the plane mixing layer problem it was taken as an energy density, the total energy
per unit shear layer thickness. The normalization function here, G(6), corresponds to the normal-
ization constant 4/ in the plane mixing layer problem. The vertical distribution here, however,
is given in terms of the momentum thickness & instead of the shear layer thickness.

The magnitude and local shape of Tu; are thus functions of £ and 6 respectively. Since both
E and 0 are determined from the nonlinear analysis, both the magnitude and the local shape of
uu are coupled to the mean flow and the large-scale structure.

Mellor & Herring (1973) pointed out that almost all investigators base their models of viscous
dissipation on its relation to the isotropic small-scale turbulence, and take it to be

€ =a,q%/s, (4.7)

where a, = 1.5. This is the same model as that used by Alper & Liu (1948), following Bradshaw
et al. (1967). The shear layer thickness is related to the momentum thickness by ¢ = a; 0, where
az = 4.4 for the mean velocity profile (4.1).

55 Vol. 2g8. A
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(¢) The large-scale coherent structure

By following previous works (for example, Alper & Liu 1978), the radial distribution of the
large-scale structure and the wave-induced stresses will be given by the local linear theory, but
the finite amplitude function A(x) is to be simultaneously solved with £(x) and 6(x). The shape
assumption for the large-scale structure, which essentially evolved from studies of such structures
in laminar transitional flows (Ko ¢t al. 1970; Ko 1971; Liu & Gururaj 1974; Liu & Lees 1970;
Stuart 1958), then takes the form

i, . U;(r;0,St,n) c.c.
[ﬁ ] = A(x) expi (fo ar(§) dg — wt+n¢) [[;(r; 0,S5t,n) } + [c.c.] ) (4.8)
E(x) #;;(r; 0, 8t,n) c.c.
where c.c. denotes a complex conjugate, c is the streamwise wave number, 7 is the azimuthal
wave number,  is the frequency and 4(x) is the complex amplitude function. We recall that all
physical length scales have been made dimensionless by the jet radius R and all velocities by the
jet exit velocity Ue. The radial shape functions are denoted by (), and their implicit dependence
upon x results from the dependence of the local linear theory upon the momentum thickness (x).
The radial shape functions are dependent also on n and , the latter through the Strouhal
number St = fd/U., where f = w/2n is the frequency in hertz. Several observations, such as those
of Crow & Champagne (1971), Binder & Favre-Marinet (1973), Favre-Marinet (1975) and
Moore (1977), lend strong support to the travelling-wave representation of the large-scale
structure. That 7;;oc E in (4.8) will be apparent from the discussion of the transport equation for
7;; that is to follow.
The radial shape functions;, p and #;; form a coupled linear local parallel flow problem, and in

~

rij

obtaining their governing equations from the original nonlinear conservation equations £ is
x

taken as constant and 4 is taken locally as being exponential in x, exp ( —if ai(£) d€), where
0

a; is the imaginary part of the complex wave number «. We thus have the continuity and momen-
tum equations

o 4 (1)’ + 2 = 0, (4.9)
i ] iot F o P N~
. .. 1 , inj;
i(U—-c¢) |8+ O] U =—-|D ]p+1a - +;D e | |+ 5 | Frs | (4.10)
) 0 in/r Pop trg Pos

where ¢ is the complex phase velocity, and both D and ( )’ in (4.9) and (4.10) denote differentia-
tion with respect to . In (4.10), momentum diffused by the wave-induced stresses replaces that
diffused by viscous stresses. The system (4.9) and (4.10) is coupled to the governing equations for
75, which are

o 1 ros A 124 A )
?mx 2rzr zx 3 kk Ty
A A l A A
Tpp 0 rr 3Kk Tk
1 A
. Top 0 1|7 pp = 3Fan Pk
ia(U—¢) s |tz U’+T P +ia, U’ 0
xr Tor xr
A A .
Py Prg Pag 0
A A
.7’,-¢.J KU L7 i [0 ]
advection production pressure— dissipation
by the velocity
mean flow correlation
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R, T 0 [2(R,, i+ R,, D) i
R,, 0 2(R,,ia+R,, D)?
s Ryg+2Ryy/r] 0 |0 _ 2R¢¢.inw/r . |, @i
R;, r |0 (Rypia+ R, D)6+ (R, i+ R, D)
0 R, (Ryzix+ Ry, D) + Ry inii /7
0 1 L-2R,,+R,] Ll(R,ia+R,D)d+R,,ind/r) ]
advection of mean stresses by wave work done by the mean stresses against wave

rates of strain

where 71 = —1.4450U/0r > 0 is the time scale for return to isotropy and 7y, = 75, +f, + 744
These equations are supplemented by the appropriate boundary conditions (see Reynolds
(1972) for a discussion of the conditions across a turbulent-non-turbulent interface appropriate
for (4.10) and (4.11)).

As (4.9) and (4.10) were obtained from their respective original conservation equations,
(4.11) was obtained from the nonlinear transport equation derived for 7;;. The sources on the
right side of (4.11) reveal that, to lowest order, #;; must be proportional to the product of a
large-scale structure quantity and a mean turbulent stress, such that as formed by the work done
by the mean stresses against the rates of strain of the large-scale structure. In this situation, the
7;; are indeed proportional to A(x) E(x) as postulated in (4.8).

In obtaining (4.11), closure assumptions for the modulated turbulence quantities are used and
these are patterned after those for the mean quantities (Liu & Merkine 1976; Alper & Liu
1978). These included the modulated pressure-velocity correlations

, 0p' 1. .
- (<”¢ —xZ> Uj 5~ axi < u; ax) =T (rij"%rlckaij)3

which is patterned after Rotta’s (1962) closure model for the corresponding mean quantities.
The modulated viscous dissipation rate is taken to be

= %41, = or ek

by following Alper & Liu (1978). In the &-relation, the local equilibrium value of § is taken to
approximate 7%. The sensitivity of such assumptions in the overall nonlinear interaction problem
for A, E and 0 is checked numerically by inserting an approximation for g that takes no account of
the large-scale structure. It is found that the overall interaction problem is not sensitive to such
closure assumptions, for the determination of the stress shape functions #;;. This is to be expected,
since #;; enters the problem in the integral for the energy transfer process, which smooths the local
varlatlons or errors in the computations for 7 Ti4e

Since we are considering an axisymmetric jet with no swirl, the mean stresses #’w” and v’w’ are
absent. Thus they play no rolein (4.11), for #;;, in terms of the shape functions R, and R,; advec-
ted radially and azimuthally by the large-scale structure. For the axisymmetric mode of the
large-scale structure, n = 0 and 0 = 0; (4.11) then shews that both 7, and # «¢ vanish identically.
In this case, except for the curvature effects through /7, the system of equations for #,,, 7., o
and #,,, is entirely analogous to that for the plane shear layer problem (Liu & Merkine 1976;
Alper & Liu 1978). For asymmetrical modes of the large-scale structure ) and n do not vanish and
7+ and 7,5 are both present, as are additional contributions to the sources for #44 and 7, owing, to

55-2
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the asymmetry. Thus for n # 0, additional mechanisms for energy transfer between the large-
scale structure and fine-grained turbulence are anticipated.

By using the arguments of Liu & Merkine (1976) about the large-scale structure in inflexional
mean flows arising as a result of dynamical instabilities, (4.10) and (4.11) can be considerably
simplified: the diffusive effects of the wave-induced stresses can be omitted as far as the shape
characteristics of the large-scale structure are concerned, the latter being given, toa good approxi-
mation, by an ‘inviscid’ consideration. This then uncouples (4.10) from (4.11). Afterd, 4§ and &
have been obtained from the simplified (4.10), they serve as advecting velocities in (4.11) in the
solution for #;;. The distribution of energy transfer between the large-scale structure and fine-
grained turbulence across the jetis then obtained from 7;&;; = A(x) E(x) #;;¢;;. The eigenfunctions
i;, p are normalized in such a manner that | 4(x) |2 becomes the kinetic energy content of the large-
scale structure across the jet:

|[A(x)|? = J:o Qrdr.

The ¢inviscid’ forms of (4.10) and (4.9), with the usual boundary conditions appropriate for
the tnviscid problem, together form an eigenvalue problem. The mean flow shapes appropriate
for the jet, (4.1a) and (4.15), are not similar, and therefore (4.9) and (4.10) cannot be cast into a
general form independent of 6(x). Thus, for a given azimuthal wave number # and Strouhal
number 7, (4.9) and (4.10) are solved for a given local momentum thickness 6. Similar con-
siderations apply to 7;;. To follow a given mode (S?, n) downstream, the shape functions Z, 4, @, §
and 7;; are obtained in terms of a series of values of 6. The detailed distribution of f as a function of
x must necessarily come from the nonlinear problem involving a simultaneous solution for 6(x),
E(x), and A(x) via (3.1)—(3.3), as in Liu & Merkine (1976) and Alper & Liu (1978).

The method of solution for the inviscid problem (4.9) and (4.10). is well-known (see, for
instance, Batchelor & Gill 1962; Lees & Gold 1964; Betchov & Criminale 1967; Michalke
1971). In the numerical problem, Michalke’s (1971) formalism is used for amplified solutions.
For damped solutions, a method similar to that discussed by Lin (1955) and Mack (1965) is
followed. We note that for n = 0: 4 # 0; p # 0 and 4 = 0 on the jet centreline, while for n = 1:
4 =p=0and? # 0. If  or Z occurs along the jet centreline, they must arise only from the axi-
symmetric mode. If # occurs along the jet centreline, it must have been contributed by the asym-
metric modes. The local eigenvalues, including the phase velocities, are obtained as functions of
0. We shall delay discussion of these eigenvalues until 6(x) has been obtained from the nonlinear
interaction problem. '

The velocity shape functions #; obtained as described above are then utilized in (4.11) for the
algebraic solution for 7;;. It is of interest to discuss some features of 7;; since they are obtained from
fundamental, though approximate, considerations and contribute to the important energy
exchange mechanisms between the large-scale coherent and random fine-scaled motions. The
exchange mechanisms here are quite different from the plane mixing layer problem (Liu &
Merkine 1976; Alper & Liu 1978), not only in the curvature effect but also in the possibility of
energy transfer mechanisms for the » = 1 mode additional to those of the n = 0 mode, as pointed
out earlier. Typical radial distributions of |7;;| are presented in figure 2 for St = 0.5, = 0.08, and
n = 0'and n = 1. Since both #] 4} and i, diminish outside the shear layer, the |7
away from 7 = 1. For n = 0, |#,,|, |#,,| and |7,4| are of the same order, while |£,,| ~ 2|,,|. Both
|744] = 0 and |74 = 0, as noted earlier. The results are consistent with the assumed ratio of
mean turbulent stresses given in (4.4), stresses which are the sources for the |#;|. The shape

vanish rapidly
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Ficure 2. Magnitude of the wave-induced stresses, |74, |70, [7g8ls 17arls |7zgls |7eg]> across the jet. St = 0.5,
0 =008 (a)n=0,(b)n=1.

functions |#;;| are similar for n =0 and 1. However, the |#;;| forn = 1 are slightly larger than the
corresponding |f;| for n = 0. In addition, |#,4| and |#,4|, which are zero for n = 0, attain non-
negligible values for n = 1. The difference in the behaviour of |7;;| for n = 0 and n = 1 follows
directly from (4.11) through the additional sources for the » = 1 mode: the work done by the
mean stresses against the azimuthal large-scale rates of strain and the azimuthal advection of
mean stresses by the large-scale structure. These sources vanish for n = 0. Consequently, the
azimuthal motion of the large-scale structure for » = 1 produces 7,4 and 7,4, and enhances the
rest of the wave-induced stresses.

The local energy transfer between the large-scale structure and the fine-grained turbulence is
obtained by multiplying each 7;; by the appropriate large-scale rates of strain, as in the integrand
of (3.2) or (3.3). To bring out the role of 7;;, the local energy transfer by each #;; component is
shown in figure 3 for §¢ = 0.5, 0 = 0.08, and » = 0 and n = 1. Since both the large-scale rates of
strain and 7;; vanish away from the centre of the shear layer, the energy transfer is localized
around r = 1. The relative phase between 7;; and the rates of strain determines the direction of
this transfer. The total energy transfer between the large-scale structure and the fine-grained
turbulence is the sum of the local transfers integrated across the jet. Since most of the local energy
transfer is positive, the direction of the net total energy transfer is anticipated to be from the large-
scale structure to the fine-grained turbulence. However, it is also clear from figure 3 that the local
energy transfer can be in both directions; by no means is it restricted to being from the large-
scale structure to the fine-grained turbulence. This indicates the intrinsic weaknesses in the
eddy viscosity model. Now, 7., is the largest among all the wave-induced stresses and the large-
scale rates of strain corresponding to #,, are the greatest; thus the 7, and 7, components produce
the largest energy transfer, as can be seen from figures 3a—f. This also indicates that the stresses
and rates of strain for the xx- and xr-components are also nearly in phase. Figure 3 also shows that
the local energy transfer is larger for n = 1 than for n = 0. For this mode the values of #;; are
larger and additional local energy transfer mechanisms are produced by the azimuthal large-scale
rates of strain, namely :

. (10a ow L (10w " 1a5+aw @D
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Ficure 3. Contributions to the energy transfer mechanisms between the large-scale structure and the fine-
grained turbulence across the jet; n = 0 and n = 1, §t = 0.5, 0 = 0.08. (a) xx-mechanism, (b) rr-mech-
anism, (¢) ¢¢-mechanism, (d) xr-mechanism, (¢) x¢p-mechanism, (f) r¢-mechanism.

Such mechanisms are absent for n = 0. Thus, the n = 1 mode has additional mechanisms by
which local energy can be transferred between the large-scale structure and the fine-grained
turbulence and thus the total energy transfer for this mode is larger than that for the n = 0
mode.

5. NONLINEAR ANALYSIS

In this section we shall present the nonlinear ‘amplitude’ equations and discuss the properties
of the interaction integrals which are coefficients in such equations.
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The following set of three nonlinear ordinary differential equations for 8, |4|2 and E is ob-
tained after the substitution of the shape assumptions of §4 into (3.1)—(3.3):

d '
5 5 1(0) = ~ T (0) BTy (65 5t,7) 42, (5.1)
S 11,058, |4]2] = Ty (05 Stm) | ]2~ I, (63 S8, m) |A2E, (5.2
S [1(6) E] = Fs.(6) E+1,,.(6: St m) |4~ 1,(0) EX. (5.3)

The initial conditions are 8(0) = 6, |4(0)|2 = |4|} and E(0) = E,.

Because of the shape assumptions discussed in §4, integrals involving only the mean flow
velocity profile and mean fine-grained turbulence stresses are functions of the local momentum
thickness alone, while integrals involving the large-scale structure depend not only on 6 but also
on St and n. The mean flow energy advection integral is defined as

1,(6) = f * Usrdr.
0

Note that (5.1) is actually an equation for dd/dx with dZ;(0)/d6 < 0. The large-scale structure
energy advection integral is

1,(6;St,n) = f : U

4|2 +[9]*+[@]*) rdr,
and the fine-grained turbulence energy advection integral is
1,(6) = G(6) f * Uexp (—7?) rar.
0

The production integrals of the fine-grained turbulence and large-scale structure are, respectively
/ © oU
Fra0) = (=) G(O) [ exp (%) 5 v

T (0;St,m) = —2f°° Re (i0%) 32 rar,
0

where Re denotes the real part and ( )* denotes the complex conjugate of ( ). The large-scale
structure—turbulence energy exchange integral is
e}
L, (0:Stn) = —2 f Re {#2,(iad) +#%0" + 7%, (ind /7 +0/r)
0
+ A5 [inf /v +1(D[r)"] + 184 (ind /7 + icd) + 73, (ief +&') }r dr,

where ( )* again denotes the complex conjugate and ( )’ denotes differentiation with respect to
r. The fine-grained turbulence dissipation integral is

1(6) = (@3/a,0) GHO) [ " exp (= pt)rev
0
The integrals which involve only the mean flow} and mean turbulence stresses, I, I;, I, . and
I, are functions of 6 alone and are shown in figure 4, as is the normalization function G(6). The

+ The integrand in each case vanished rapidly outside the jet, the integrals converged and there was no need to
use a ‘fairing’ technique as was used by Crow & Champagne (1971).
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— e ————]
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Ficure 4. Mean flow and fine-grained turbulence energy advection integrals I, and I, fine-grained turbulence
. 3 . . g' -, gy . . g 3 1 3’ . g .
production and dissipation integrals I, and I, and normalization function G as functions of the local dis-
placement thickness 6.

slope of I,(0) is always negative and (5.1) indicates that the energy loss from the mean flow
produces a growth in the mean flow momentum thickness. Since the mean shear decreases with
increasing 0, I, ; (6) is a decreasing function of 8; it is, however, always positive, indicating that
energy is transferred from the mean flow to the fine-grained turbulence. The integral I,(8)
decreases along the jet to an asymptotic value of about 0.24. The integral I, is a rapidly decreasing
function of 6, and is therefore normalized by 61, for plotting in figure 4. The function G(0) is a
measure of the jet spreading and for most of the jet (except the initial region) can be approxi-
mated by G(6) ~ 6-1. All the mean motion integrals 1}, 15, I} .. and I, tend to become constant
for large 6. This indicates the possibility that self-similarity is achievable far downstream within
the present framework.

From the shape assumptions for the large-scale structure discussed in §4, we see that the integ-
rals I,, Iy 5. and I, are functions of 6, St and n. They are shown in figures 57 for the n = 0 and
n = 1 modes. As a result of the radial spreading of the jet, , is a gradually increasing function of
0 and its distribution has the same trend for both values of 7, as shown in figure 5. The rate at
which I, varies along the jet increases with Strouhal number. Since the mean shear is inversely
proportional to 6, the tendency toward instability decreases along the jet. Therefore, the pro-
duction integral Iy is a decreasing function of 6, as shown in figure 6. For small Strouhal
numbers, I ;. asymptotically approaches zero downstream. As the Strouhal number increases,
the wave oscillates rapidly and the rate of energy transfer between the large-scale structure and
the mean flow increases, on average. Thus the initial value of I , increases, but it goes rapidly to
negative values along the jet, corresponding to the damped linear solution. (This feature is also
observed in direct numerical computations (Gatski & Liu 1980).) A negative value of Iy
indicates a reversal in the direction of energy transfer. Thus, in the initial region of the jet, energy
is transferred from the mean flow to the large-scale structure. But downstream, for large Strouhal
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F1cuRrE 5. Large-scale structure energy advection integral , as a function of the local displacement thickness 6 for
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various Strouhal numbers. (a) » = 0, (§) n = 1.
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numbers, energy is transferred from the large-scale structure to the mean flow. The axial loca-
tion at which the wave attains its maximum amplification, according to the inviscid nonlinear
stability theory, is where Iy, = 0. Figure 6 shows that this location moves upstream as the
Strouhal number increases. Therefore, just as in a local linear theory, inviscid nronlinear con-
siderations also show that the axial location at which the wave peaks, moves closer to the nozzle
as the Strouhal number increases.

The large-scale energy production has the same trend for » = 0 and n = 1, as can be seen by
comparing figures 62 and 5. However, at small Strouhal numbers, Iy, ¢ is larger forz = 1 than for
n = 0. Therefore, at small Strouhal numbers the » = 1 mode will be initially more amplified
than the » = 0 mode.

With regard to the large-scale-turbulence energy exchange integral I, , some physical fea-
tures of the integrand have already been discussed in §4. Now, since the mean shear decreases
along the jet, the large-scale rates of strain also decrease along the jet (i.e. with increasing ), as
does #;;. Consequently, the integral I, , first decreases with 6, behaving as 6% (see figure 7).
However, as a result of the radial spreading of the jet, I, , increases again downstream at a rate
that is proportional to the Strouhal number. Thus, for given 4 and E, the energy exchange be-
tween the two fluctuating flow components increases with increasing Strouhal number. The
local energy exchange between the large-scale structure and the fine-grained turbulence is
larger for the # = 1 mode, as already noted in §4. Consequently, I, , , the integration of the net
local energy transfer, is larger for n = 1 than for n = 0, as can be seen by comparing figures 7a
and 4. Thus, the resistance to the formation of large-scale structure downstream is greater for
n = 1. Figure 7 also shows that I, , is always positive. Therefore, we see clearly that the overall
energy transfer is from the large-structure to the fine-grained turbulence for all Strouhal
numbers, and at least for the = 0 and » = 1 modes.

The variations in Iy ¢, I, and I, along the jet with several different Strouhal numbers are
quantitatively similar to the initial behaviour of the corresponding two-dimensional integrals of
Alper & Liu (1978). But further downstream, the behaviour of the integrals differs from that in
the plane problem because of geometrical effects and also because the present calculation extends
beyond the local neutral condition covered in Alper & Liu’s (1978) calculations of the shape
functions. The geometrical similarity to the two-dimensional mixing layer problem in the first few
diameters of the round jet is, of course, consistent with measurements. The calculations of the
local large-scale structure shape functions, which allow damped solutions as the shear layer
spreads, give rise to the possibility that energy is fed back to the mean flow from the coherent
structure. The latter feature, which is a familiar one in hydrodynamic stability, is one which is
also obtained from numerical solutions of the plane shear layer problem (Gatski & Liu 1980).

Equations (5.1)-(5.3), together with the three initial conditions, provide a complete set of
simultaneous first-order ordinary differential equations for obtaining | 4|2, £and 6 asfunctions of
x. The coefficients in the differential equations are presented as functions of ¢ when S¢ and n have
been specified. It is, of course, also possible to treat 6 as a dependent variable by dividing (5.1)
into (5.2) and (5.3), with x(6) subsequently found from (5.1). With respect to the initial con-
ditions, experimental observations such as those of Moore (1977) provide an estimate for 6, from
the initial mean flow shape and an estimate for £, from the initial intensity of turbulence. These
are found to be 6, ~ 0.034 and £, = 10~3%. | 4|2 can vary quite considerably depending on the
level of excitation. For forced jets, | 4|3 can be as large as 10!, as in the experiment of Binder &
Favre-Marinet (1973). For natural jets, or for low levels of forcing, | 4|2 can be 10-%5 or less, asin
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Moore’s (1977) experiment. Further estimates of initial conditions will be discussed in detail in
§6 where comparisons with experiments are made. Such comparisons establish some confidence
in our discussion in §§7 and 8, of large-scale structures under conditions for which there are
no experimental data, but that are relevant to our understanding of the problem.

6. COMPARISONS WITH OBSERVATIONS

In this section we shall compare our idealized theoretical problem of a single mode of large-
scale structure in a round turbulent jet with the observations of Binder & Favre-Marinet (1973),
Favre-Marinet (1975) and Favre-Marinet & Binder (1979). They used hot wires and an edu-
cation technique (see also, Hussain & Reynolds 1970; Kendall 1970) conditioned to the periodic
forcing of the jet. The experiments distinguish the development of the radial and streamwise
distributions of the large-scale structure from the fine-grained turbulence for different forcing
Strouhal numbers. Such comparisons place quite a severe test upon the present theoretical results,
in that the experimental forcing was done at rather large amplitudes. Well controlled turbulent
jet experiments were recently done by Moore (1977), following Crow & Champagne (1971).
Some reservations about the comparison of our ‘ conditionally averaged’ results with the filtered
data of Moore (1977) are discussed in greater detail in §6 (5).

Prior to the more detailed comparisons, we remark that, in general, the overall features of the
present theoretical results are physically consistent with those of observations. Specifically, the
turbulent jet spreading rate, and therefore the entrainment rate, are found to be enhanced by the
increasing activity of the large-scale structure (Binder & Favre-Marinet 1973; Crow & Cham-
pagne 1971). This feature is, of course, understood from studies of nonlinear instabilities of
laminar shear flows (Ko et al. 1970; Ko 1971; Liu & Gururaj 1974) to result from the increased
diffusional activity contributed by the Reynolds stresses of the instability waves. In the tur-
bulent jet problem, however, the large-scale structures contribute to the spreading of the jet in
two ways: explicitly, as in unstable laminar flows, and implicitly, through their enhancement of
the fine-grained turbulence which in turn causes further spreading of the jet. (The local
physical details are, of course, quite different (Roshko 1976). The large-scale structures con-
tribute to massive gulping, as it were, of free-stream undisturbed fluid, while the fine-scale
structures contribute to a local nibbling.

It is found theoretically that the relative amplification ot the large-scale structure decreases if
the initial amplitude | 4|3 is increased. This is because of the relatively severe energy loss for the
more energetic large-scale structure resulting from the choking off of its own energy supply
from the mean flow and enhancing its own energy dissipation into turbulence. This is indeed the
situation found in Crow & Champagne’s (1971) experiments.

For small Strouhal numbers, the helical z = 1 mode is found here to be more amplified than
the axisymmetric #n = 0 mode (this would also be the situation for the fully developed mean jet
profile (Batchelor & Gill 1965), which is not used in the present computations), and this is con-
sistent with the turbulence intensity measurements of Yamamoto & Arndt (1978) which indicate
the existence of the helical-wavelike motion of the jet ¢turbulence’ of relatively large wavelength
and hence of relatively low frequency. The helical mode is also found to decay rapidly because
of the additional energy transfer to the fine-grained turbulence. The observations of Chan (1976)
support this and also indicate that the axisymmetric mode eventually dominates, as also
observed by Michalke & Fuchs (1974). These observations do seem to suggest that the more
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Ficure 8. Large-scale structure r.m.s. axial velocity component along the jet centreline, (775) f.,_; comparison with
Favre-Marinet’s (1975) experimenial data for St = 0.18 (0).

0.2

Ficure 9. Fine-grained turbulence r.m.s. axial velocity component (E’—z) i_,. along the jet centreline; comparison
with Favre-Marinet’s (1975) experimental data for §¢ = 0.18 (A) and with the unforced jet, §t = 0 (®).

energetic fine-grained turbulence has led to the early demise of the helical mode in that region.
This situation is quite different from that of coherent structures in a laminar flow, where the
efficiency in the extraction of energy from the mean flow alone gives rise to the development of
such structures in dynamically unstable flows.

More specific comparisons with observations are made in the following.

(a) Observations of Binder & Favre-Marinet (1973), Favre-Marinet (1975) and
Favre-Marinet & Binder (1979)

Binder and Favre-Marinet performed well controlled unsteady forcing of a round jet by means
of a rotating butterfly valve, upstream of the nozzle exit. The phase-averaging technique, with
the frequency of forcing as a reference, is used to educe the large-scale structure from the total
fluctuations. Figure 8 compares these observations and the present calculations for the r.m.s.
large-scale structure streamwise valocity (ﬁ?a)é on the jet axis at S{ = 0.18 and for n = 0. The
velocities presented here are normalized by the mean jet exit velocity rather than by the local
mean velocity on the jet axis, as was done originally by Favre-Marinet (1975). Figure 9 shows
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Ficure 10. Radial distribution of the large-scale structure r.m.s. axial velocity component (ﬁi)& at several stream-
wise locations along the jet; comparison with Favre-Marinet’s (1975) experimental data for §t = 0.24 (0).
(a) x/d = 0.48, (b) x/d = 1.28, (¢c) x/d = 2.08, (d) x/d = 2.88.

the corresponding r.m.s. fine-grained turbulence axial velocity (u_’z)% on the jet axis and for no
forcing. Both () and (2)* are given, in the experiments at the nozzle exit on the jet axis, and
these are used, in conjunction with the shape assumptions (4.8) and (4.3), to obtain the corres-
ponding |4|% and E, for the present calculations (for any 6,) by matching on the axis. However,
0, was, unfortunately, not available from the observations. The value 8, = 0.3 was used which is
reasonable, and also gives the best qualitative match between theory and experiment. The physi-
cal picture derived from figures 8 and 9 indicates that the large-scale structure first amplifies,
because of extraction of energy from the mean flow, and subsequently decays downstream because
of energy transfert to the fine-grained turbulence. The fine-grained turbulence obtains energy
directly from the mean flow and indirectly through the large-scale structure, as may be seen by
contrasting the forced and unforced cases. The fine-grained turbulence indeed becomes more
energetic, and this added energy could not be extracted from the mean motion were it not for the
intermediary action of the large-scale structure. We note here that both the forcing amplitude
and the subsequent amplitude of the amplified large-scale structure are rather large, in the
range of 30-45 %, of the jet exit velocity. This places a severe strain on the present formulation,
associated with the shape assumptions, that makes use of the eigenfunctions of a local linear
theory. The comparisons, though encouraging, are not directed towards ‘predictive’ purposes.
They lend support in further studies directed towards the understanding of the physical
mechanisms in the interaction problem.

1 With the possibility that some energy is transferred back to the mean flow.
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Ficure 11. Radial distribution of the fine-grained turbulence r.m.s. axial velocity component (W)} at several

streamwise locations along the jet; comparison with Favre-Marinet’s (1975) experimental data for St = 0.24
(0). (a) x/d = 0.48, (b) x/d = 1.28, (¢) x/d = 2.08, (d) x/d = 2.88.

For St = 0.24 Favre-Marinet’s (1975) experiments provide the structural details of (uTz)é and
(;"2)% as functions of (x,7). Here the initial data are given at x/d = 0.48, where d is the nozzle
diameter. (We recall that all physical lengths were normalized by the nozzle radius.) The corres-
ponding initial values for the calculation are obtained from the data as |4|3 = 0.0193, E; =
0.00345, and from the mean velocity profile it is found that §, = 0.144 at x/d = 0.48. Thus, all the
initial conditions may be obtained from the data. The comparison for the streamwise evolution
of the radial distribution of (ﬁi)*} is shown in figure 10, again in terms of a normalization by the jet
exit velocity rather than by the local mean velocity (Favre-Marinet 1975)1. The calculations
were made up to values of 0 for which the eigenfunctions of the local inviscid linear theory
exhibited damped solutions; the local shape functions calculated for this case are available up to
x/d = 3.62. The comparisons of the calculated and observed distributions of the large-scale
structure are much better than originally anticipated, given the shape assumptions. The linear
shape functions are, however, questionable further downstream where much stronger nonlinear
effects are accumulated. Calculations and observations for (172)% are compared in figure 11. The

+ We thank M. Favre-Marinet for making available to us data in this form.
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Ficure 12. Radial distribution of the mean flow velocity U/ T, for several axial locations along the jet; comparison
with Favre-Marinet’s (1975) experimental data for St = 0.24: +, x/d = 0.48; O, x/d = 1.28; 0, x/d = 2.08;
v, x/d = 2.88; O, x/d = 3.68.

qualitative development is, in general, rather good. The mean velocity profile comparisons in
figure 12 also show reasonable agreement in the streamwise development. However, the rate of
spread is larger than that in the observations. This discrepancy may be attributed to an over-
estimation of the large-scale structure which brings about an overestimation of its production
|4|2Ig6.- This would then give rise to the slight increase in the jet spreading rate.

(&) Observations of Moore (1977)

In Moore’s (1977) experiments, an acoustic wave of |4|3 ~ 10-%5 was applied to the jet by
using an acoustic horn ahead of the nozzle exit. This form of excitation limits the response to
plane-wave excitation of the n = 0 mode. Moore’s (1977) stroboscopic illumination constituted
a ‘visual’ conditional sampling technique. However, his quantitative data, like those of
Crow & Champagne (1971), were filtered rather than conditionally sampled. Moore’s measure-
ments were obtained by using a microphone with a nose cone pointed into the flow and a con-
stant-temperature hot-wire anemometer to measure the pressure and velocity, respectively. Both
pressure and velocity signals were then filtered at the excitation frequency. If phase-averaged, the
large-scale structure component at a given frequency could thus be educed, as was done by

57 Vol. 289. A
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Ficure 13. Large-scale structure r.m.s. axial velocity component ratio [('12_2.) i/ (%) #],,. along the jet; comparison
with Moore’s (1977) experimental data. (a) St = 0.03, () St = 0.50.

Binder & Favre-Marinet (1973), Favre-Marinet (1975) and Favre-Marinet & Binder (1979).
Filtering produces a signal that contains both the larg=-scale structure and the fine-grained
turbulence components at the filtering frequency. Thus, phase-averaging the axial velocity
gives 4, while filtering gives @, + d,,.

Consequently, there is a difference, between the filtered (Moore 1977) root-mean-square
value (zlf, +u'§,)% and the present calculated value (175, ’}, which is equivalent to the fine-grained
turbulence component (ﬂ)% at the same frequency as the large-scale structure. However, the
fine-grained turbulence energy content is spread over the entire spectrum of frequencies, whereas
in an idealized situation that of the large-scale structure is concentrated about a monochromatic
component. If the coherent signal is sufficiently strong compared to the random signal at the
filtering frequency, it is then possible to consider the filtered signal as if it were conditionally
averaged. In this respect, however, the quantitative comparisons with Moore’s (1977) results
are not entirely free from difficulties.

In figures 13 and 14, the calculated values of (52)% and (;5_2)% are compared with the filtered
results of Moore (1977). Since the experiment provides the initial values of | 4|3, (E’—?)% and U, the
initial values for the calculations are obtained and fixed as |4|3 = 10-%5, £ = 0.78 x 103 and
0, = 0.034. The calculated values of (ﬁé)é and (Zé)% along the jet centreline agree favourably
with the observed ones. As in the comparison with Favre-Marinet’s (1975) observations, the
observed values are lower than the calculated ones in the vicinity of the nozzle exit. Away from
the nozzle the observed filtered signals are greater than the calculated ones, since the observed
values contain an additional component due to the fine-grained turbulence. In the final stages
of the wave’s development, just as in Favre-Marinet’s (1975) experiment, the observed rate of
decay is slightly greater than the calculated one. The observed and calculated maximum amplifi-

cations of (u2)é and (7;2)% are shown in figure 15 as a function of Strouhal number. The calculated
peak Strouhal number is about 0.7 but the observed one is about 0.6 for the same initial con-
ditions. The calculated maximum amplifications agree well with those observed at low Strouhal
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Moore’s (1977) experimental data. (a) St = 0.18, (b) St = 0.24, (¢c) St = 0.30, (d) St = 0.35, (¢) St = 0.50.
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Ficure 15. Maximum large-scale structure amplification as a function of Strouhal number; comparison with
Moore’s (1977) experimental data.
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— Ficure 16. Phase speed C, along the jet for several Strouhal numbers; comparison with Moore’s (197%)
E 8 experimental data: x, St = 0.30; 0, 8¢ = 0.49; +, St = 0.78.
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E O Ficure 17. Phase speed C,, as a function of the normalized large-scale structure frequency f¥/d: comparison
— 9) with Moore’s (1977) experimental data. (a) x/d = 1.19, (b) x/d = 2.38. x, M = 0.30; O, M = 0.49;

+, M = 0.66; 0, M = 0.83, where M is the jet Mach number.

numbers, but are too great at large Strouhal numbers. Since the streamwise lifespan of the
large-scale structure is relatively shorter for large Strouhal numbers, the formation of harmonics,
nonlinearity effects and the simultaneous presence of several frequency components may
be relatively more pronounced for such a short lifespan, and this may perhaps explain the
overestimated amplifications at high Strouhal numbers.
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In this framework, the phase velocity of the large-scale structure, Cpp, is first obtained from the
local linear theory as a function of §. Once ¢ along the jet is known from the nonlinear theory,
Cypn(x,St,n) can be obtained. The distributions of C,;, along the jet are compared, in figure 16,
with the observed ones, for various Strouhal numbers. The general trend of variation is the same
for the calculated and the observed phase velocity: it first decreases to a minimum and then
starts to increase slowly along the jet. A clearer comparison for C), is obtained in figure 17,
where a fixed axial location is considered, and some collapse of the data is possible. The frequency
of the forced disturbance was changed and the phase-speed measured at the same axial location is
plotted against a normalized frequency, fx/d. For a given axial location C,, first decreases to a
minimum and then increases with increasing frequency of the forced disturbance. The calculated
values of C},, are slightly overestimated at lower frequencies and slightly understimated at higher
frequencies. This deviation probably arises because Cy, is basically obtained from the local
linear analysis. Again, however, the comparisons are rather encouraging, considering the
simplicity of the present formulation.

(¢) Further discussion of the comparisons with observations

In general, the comparisons between theory and observations are reasonably encouraging.
The calculations certainly indicate that the agreement is better than it was originally thought
to be. Still, there are phenomena affecting the comparisons which are not included in the calcu-
lations. Among these is the strong effect of nonlinearity on the shape of the disturbance. The
shape assumptions made by using the linear eigenfunctions, in the present analysis for the large-
scale structure, were not meant for structural comparisons but only for evaluation of the inter-
action integrals. Nevertheless, some structural comparisons with the data of Favre-Marinet
(1975) were favourable. In a real situation, there may actually be several natural large-scale
structure components in addition to the forced fundamental component. A first and second
harmonic of the fundamental wave were observed downstream by Crow & Champagne (1971).
Thus, energy is drained from the fundamental component to form these harmonics. Since this
loss in the energy of the fundamental component is not taken into account here, the calculated
rate of decay is also underestimated. Neglecting the rate of viscous dissipation in the large-scale
structure energy equation leads to an underestimation of the wave’s rate of decay. In addition,
neglecting the viscous terms in the linear stability equation, the equation that provides the
shape functions for the large-scale structure, would give an overestimated rate of wave pro-
duction and equivalently an underestimated rate of wave decay. However, the dominant
interaction mechanisms are considered in our formulation.

The streamwise lifespan of the large-scale structure is estimated in the present analysis to be
about four wavelengths. The experimental observations of Brown & Roshko (1974) and Winant
& Browand (1974) at low Reynolds numbers showed that after two or three wavelengths the
waves steepen and roll up into concentrations of vorticity. These eddies move downstream and
interact with neighbouring eddies by rolling around each other and pairing. The calculations of
Damms & Kuchemann (1974) and Moore & Saffman (1975) indicate that eddies can disappear
when two strong vortices absorb a weak neighbour. These mechanisms, which are not included
here, increase the wave’s rate of decay. However, such mechanisms are probably not important
for the high levels of forcing in Favre-Marinet’s (1975) experiment. In any case, the presence or
absence of pairing may now be controlled (Ho & Huang 1978; Bouchard & Reynolds 1978).
Observations of Dimotakis & Brown (1976) strongly suggest that for large Reynolds numbers,
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the interactions between large-scale structure and fine-grained turbulence dominate over those
between neighbouring large-scale structures.

The present formulation corresponds to the situation of a well-controlled occurrence of the
large-scale structure in a turbulent jet, and the comparisons with observations were most en-
couraging. It is thus worthwhile to discuss further the physical mechanisms that lead to the
observed features. These naturally include the mechanisms for energy transfer. In the sections to
follow, results will also be given in terms of the effects of the Strouhal number for azimuthal wave
numbers # = 0 and z = 1. In what follows an almost exhaustive study of the large-scale structure
in a round turbulent jet will be given.

7. NONLINEAR DEVELOPMENT OF THE n = 0 MODE

With some confidence gained through the discussion in § 6, we now apply the basic formulation
discussed in §3 to a study of downstream evolution of axisymmeiric modes of the large-scale
structure at various frequencies. As pointed out before, the large-scale structure in a round jet
consists of several azimuthal components. The doughnut-like axisymmetric component, which is
viewed by Crow & Champagne (1971) as puffs and by Binder & Favre-Marinet (1973) as
pulses, is considered here by taking » = 0 along the jet.

The initial values 6, and £ are estimated from Moore’s (1977) experiments as 0.034 and 103,
respectively. The value E, = 10~3 implies that (udw)% at the centre of the nozzle exit is approxi-
mately 1%, of U,

Since | 4|} varies quite considerably, we first consider, in §7(a), |4|3 = 10-85, which corres-
ponds to natural or weakly forced jets. In §7 (8), | 4|3 is increased to 10-3, 10-3, and 10~ so that
we may consider the effect of increasing the initial energy level of the large-scale structure.

(@) Lower levels of excitation

The development of the axisymmetric modes at |4|3 = 10-85 E = 10~% and 0, = 0.034 is
studied here for several Strouhal numbers and the results, shown in figures 18-24, are discussed
below.

(1) The large-scale structure

The large-scale structure of very low frequency oscillates too slowly to extract any energy from
the mean flow. On the other hand, the high-frequency large-scale structure transfers energy to
the fine-grained turbulence at a rate that is much greater than the energy production from the
mean flow, so that only for the range 0.02 < St < 1.6 can the large-scale structure first amplify
and then decay further downstream along the jet, as shown in figure 18. The wavy large-scale
structure grows by extracting energy from the mean flow. As it moves along the jet two mech-
anisms, one ‘turbulent’ and one ‘inviscid’, force the wave to decay. In the turbulent mechanism
(the effect of I, ;) the wave decays as a result of ¢ turbulent dissipation’, where the wave-induced
stresses do work against the rates of strain of the large-scale structure and transfer energy to the
fine-grained turbulence. In the ‘inviscid” mechanism (through the effect of I; ¢ ) the wave moves
along the jet to a region of stable mean velocity profile where its production is reversed and energy
is transferred back to the mean flow. The ‘inviscid’ mechanism is associated with large Strouhal
numbers and, as will be shown, is less effective than the turbulent dissipation mechanism.
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Therefore, turbulent dissipation is the basic mechanism by which the wave decays. Since
d|4|?/dx oc |4]? once | 4|2 reaches zero it remains there.

Figure 18 indicates that the location of peak amplification moves closer to the nozzle as the
Strouhal number increases. Thus high-frequency components dominate upstream while low-
frequency ones dominate farther downstream, as one would expect (Liu 1974). The peak
Strouhal number is a function of the axial location. That is, for each axial location considered
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12
(©

(@) tx 100

Frcure 21. Radial distribution of the large-scale structure at x/d = 1.7 for several Strouhal numbers. (z) r.m.s.
streamwise velocity component, (%) ?; (b) r.m.s. radial velocity component (%)%, (¢) r.m.s. pressure (72)*.

there is a certain Strouhal number that produces the greatest large-scale structure amplification
in this particular section. This peak Strouhal number decreases as the axial location considered
moves downstream, as shown in figure 19. Figure 19 also shows that the peak Strouhal number is
approximately proportional to x~!, which is in agreement with Chan’s (19744) experimental
observation that the distributions of the amplitude of the pressure waves along the jet are similar
if the data are plotted against a normalized distance (S¢x). The maximum amplification in |4]?
attained along the jet is shown, in figure 20, as a function of Strouhal number. With the present
initial conditions, St = 0.7 produces the greatest amplification in | 4|2 Figure 18 also indicates
that the streamwise lifespan of the wave is inversely proportional to the Strouhal number. Since
the wavelength 2n /. is the primary dimension that describes the wave geometry, it seems asif the
wave ‘recognizes’ physical dimensions relative to its own wavelength. Thus, the rate of wave
development at different Strouhal numbers would be the same if it were scaled by the corre-
sponding wavelength. For instance, for all Strouhal numbers considered the wave decays to
|4|? = 0.1| 4|} after a distance that is approximately four times the corresponding wavelength.
Thus, irrespective of the Strouhal number, the wave makes almost four cycles along the jet before
it disappears.

The radial distributions of (ﬁ)’l‘, (7 and (F)‘i‘ at x/d = 1.7, for several Strouhal numbers
along the jet, are shown in figure 21. They peak where (0U/0r) (n%/r + o?r)~! has an extremum
(Batchelor & Gill 1962; Lees & Gold 1964), and this is very nearly in the vicinity of r = 1 where
0U/or itself has a maximum.
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Ficure 22. Radial distribution of large-scale structure r.m.s. streamwise and radial velocities (ﬁ)* and (iz'_z) 3
Reynolds shear stress 7, kinetic energy @ and the mean velocity gradient 3U/dr; St = 0.18. (a) x/d = 1.6,
(b) x/d = 3.6, (¢c) x/d = 11.8.

The radial distributions of (#2)%, (%)}, #, 0U/r, and the large-scale structure local energy @,
at several stations along the jet, are shown in figure 22. The figure shows that the large-scale
structure Reynolds shear stress varies radially in a manner quite similar to that of the variations of
0U/0r. Hence, for a given section, the production of the large-scale structure is greatest near the
position of maximum 0U/0r and is zero along the jet centreline, as in the mechanism for turbu-
lence production discussed by Townsend (1956).

Similarly, (#),* (7%) and @ peak at nearly the same location at which 9U/dr peaks. For the
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initial region of the jet 0U/0r peaks at r = 1, but farther downstream the peak of 3U/dr moves
towards the jet centreline. Consequently, the concentration of large-scale structure quantities
moves from r = 1 toward r = 0 for downstream locations.

(i1) The fine-grained turbulence

For the low initial energy levels of the large-scale structure, the results from the computations
of E(x) collapsed onto the | 4|3 = 0 curve for all Strouhal numbers. Thus figure 23 ashows that for
all the Strouhal numbers considered, £(x) is the same as in the absence of the large-scale struc-
ture; recall that the low-level excitation |4|2 = 10765 was imposed here. Thus, for very low levels
of excitation the large-scale structure has a negligible influence on the fine-grained turbulence.

For the small value | 4|3 under consideration here the development of fine-grained turbulence
is governed by its interaction with the mean flow alone. Because the rate of production is greater
in the initial region of the jet, £ initially increases rapidly, as shown in figure 234. Farther
downstream, the fine-grained turbulence production integral Iy , decreases while the viscous
dissipation, which is proportional to £%, increases. But since the production still exceeds the
viscous dissipation, £ continues to grow downstream but at a slower rate.

012
[ ()

008
i
30 o
3 (@) B3
Ll] ~
\ <
g 20 0.04
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I S T R T 20 o 5 10 15
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Ficure 23. Distribution of (a) fine-grained turbulence energy ratio E/E, and (b) centreline r.m.s. streamwise
velocity component (uW) :.1. along the jet; 0.02 < S¢ < 1.60.

The root-mean-square values of the fine-grained turbulence axial velocity (5’_2)% along the jet
centreline are also not influenced by the low level of large-scale structure, as shown in figure 23 5.
However, the influence of 6 has to be taken into consideration. At the initial region of the jet, the
shear layer has not yet approached the jet centreline. Therefore, although E increases, the
centreline values of (?é)% are small up to x ~ 3d. Then the shear layer approaches the centreline
and causes the rapid increase shown in figure 235. Away from the initial region, G(6) ~ 1/60 and
the turbulent stresses downstream could be written as

ujuj ~ E(x)/0(x).

Since both £ and 0 are increasing downstream, the growth of (¢’2)}, is levelled by the growth
of 0. Thus (175)21 attains its maximum at some downstream location.

(ii1) The mean flow
The development of 6, which characterizes the mean flow shape, is shown in figure 24. Again,
the influence of the large-scale structure on the mean flow is negligible for low levels of excitation,
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1.0

6 05

Ficure 24. Mean flow momentum thickness @ along the jet; 0.02 < St < 1.60.

and the development of the mean flow is governed by its interaction with the fine-grained turbu-
lence alone. Hence, df//dx is obtained from (5.1) as

d0

T~ 250 B (0 [T

Since the production rate is initially large, the jet spreads relatively quickly at first. Far
downstream, the increase in E is balanced by a corresponding increase in 6 in such a way that the
jet spreads at a nearly constant rate.

It is seen here that if the large-scale structure is sufficiently weak, the evolution of the mean
motion, including the Reynolds stresses, is controlled by the turbulence-mean flow interaction.
The large-scale structure can then be obtained subsequent to the mean motion problem, an
approximation explored earlier by Liu (1974) and Merkine & Liu (1975).

(b) Higher levels of excitation

We consider here greater levels of initial excitation, where the influence of the large-scale
structure would be pronounced. Three initial levels of the large-scale structure are considered:
|4]3 = 10~1, 10-3 and 10-%. The initial values for E, and 0, are kept constant at 10~ and 0.034,
respectively. The representative Strouhal numbers considered are 0.18, 0.35, 0.50, and 0.80.

(i) The large-scale structure

The development of the large-scale structure energy [4|2 is shown in figure 25. Under any
level of excitation, the high-frequency waves prevail upstream while the low-frequency ones
prevail farther downstream. The large-scale structure is restricted to the upstream region of the
jet where x < 154, because of the production and dissipation mechanisms inherent in the local
flow structure. Thus beyond this region there is a much smaller probability that any large-scale
structure is present. The Strouhal number that produces the peak maximum amplification is a
function of the initial values of | 4|§. For instance, at |4|3 = 10-1, 10-3, 10-5 and 10-65, the peak
Strouhal numbers are 0.35, 0.5, 0.5 and 0.7 respectively. Since these values of | 4|3 cover almost
the whole range of possible initial levels, we conclude that the peak Strouhal number ranges from
0.35 to 0.7 depending on the initial level of excitation. Since d|4|2/dx oc |4|?, increasing | 4|2
produces a greater rate of wave development, in addition to enhancing the nonlinear effects.
Therefore, as | 4|3 increases, the location of peak amplification moves upstream and the stream-
wise lifespan is reduced.

58-2
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Ficure 25. Large-scale structure energy ratio |4]2/|4|; along the jet for several initial large-scale structure energy
levels, |4|2. (a) St = 0.18, (b) St = 0.35, (c) St = 0.50, (d) St = 0.80.
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F1cure 26. Maximum values of the large-scale structure energy | 4|2 as a function of the initial energy level |43
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Ficure 27. Large-scale structure r.m.s. streamwise velocity component ratio (55)*/ (;“1_?;)* along the jet centreline
for several initial large-scale structure energy levels |4|2. (a) St = 0.18, () St = 0.35, (¢) St = 0.50, (d) St = 0.80.

For very low levels of | 4|3 the influence of the large-scale structure on the fine-grained turbu-
lence is negligible. In such a case, E(x) is independent of | 4|2, and (5.2) can be integrated to give

|A(x’ Sta n) |2 = |AI(2) [I2 (x0> Sta n)/I2(x, St’ n)] exp {J‘: [IR.S. (x’a Sta n)
CE() Iy (', St )1/ Ly(x, St,n) dx},

which shows that for low levels of large-scale structure, | 4|2 increases linearly with |4|2. However,
as | 4|3, increases, the large-scale structure enhances the fine-grained turbulence energy and the
above approximation would not be valid. Thus, as observed by Crow & Champagne (1971),
| A|%ax increases nonlinearly with | 4|3, as shown in figure 26. Figure 26 also shows that a satura-
tion condition is reached for |4|} 2 10-1, where the wave no longer amplifies.

The large-scale structure axial velocity component at the jet centreline (ﬁﬁ);%.l_, shown in figure
27, follows the same trend as that of | 4|. Increasing | 4|3 moves the peak upstream and reduces
both the lifespan and the maximum amplification. Since increasing | 4|3 enhances mixing and
thus accelerates the spread of the shear layer to the jet centreline, the |4|3 = 10~ case here is
slightly amplified (although |4]?2 itself was not).
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S50 @) levels |A[3. (a) St = 0.18, (b) St = 0.35, (¢) St = 0.50, (d) St = 0.80.
LT O
= (ii) The fine-grained turbulence

It was shown earlier that if | 4|3 is small the influence of the large-scale structure is negligible.
Increasing | 4|3 increases | 4|2 and consequently the energy transfer rate | 4|2E ; increases. Thus
Eincreases as | 4|2 increases, as indicated in figure 28. Once E is increased, two more mechanisms
produce additional increases in E: |4|2E], , increases further, and the fine-grained turbulence
production by the mean flow, EIy , also increases. Therefore, the large-scale structure not only
pumps energy from the mean flow to the fine-grained turbulence, but also acts as a catalyst to
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enhance the direct transfer of the mean flow energy to the fine-grained turbulence. As a result
of these direct and indirect mechanisms, the growth of £ along the jet is greatly increased.

An excessive increase in E, such as that produced by |4|3 = 10-1, would trigger viscous
dissipation, £%I,, which would reduce E until the production exceeded the dissipation again.
Once | 4|2 reaches zero, its ‘turbulent dissipation’ vanishes and the growth of E is governed by
its interaction with the mean flow alone. Therefore, the rate of growth of £ downstream is the
same as that at |4|} = 0. However, as a result of the previous actions of the large-scale structure,
the downstream values of E itself are greater and depend on |4|3.

The effect of the large-scale structure on the fine-grained turbulence is influenced by the

0.20 L (b)

0.15
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s 010
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Ficure 29. Fine-grained turbulence r.m.s. axial velocity component (;[’—“‘){along the jet centreline for several
initial large-scale structure energy levels |413. (a) St = 0.18, () St = 0.35, (¢c) St = 0.50, (d) St = 0.80.
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= v (a) for various |4|3, St = 0.5; (b) for various §¢, |4l3 = 1073,

amount of amplification as well as the streamwise lifespan of | 4|2. Since both of these two factors
vary with |4|3 and §t, the Strouhal number that produces the maximum influence of the large-
scale structure on the fine-grained turbulence differs, depending on |4|3. The Strouhal numbers
that produce maximum enhancement in £ are 0.18, 0.35 and 0.80 for | 4|3 = 10~1, 10-3, and 10-5,
respectively. If it were of interest to raise the fine-grained turbulence level by forcing an
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organized structure, the best Strouhal number to do so would range from 0.18 to 0.80 depending
on the initial level, | 4|3 of the large-scale structure.

The response of E to | 4| is naturally reflected in a similar effect of | 4|3 on the centreline values
of (17—2)%, as shown in figure 29. Yet the influence of the extent of the shear layer on the centreline
values must also be taken into consideration. The large-scale structure increases not only E, but
also 0. Consequently the shear layer approaches the centreline faster with increased |4|2. This
rapid extension of the shear layer, in addition to the higher values of E, produces a considerable
increase in («"%)! along the initial part of the jet centreline. But far downstream, where ' ~ E/0,
the increase in E produced by increasing |4|3 cannot balance the corresponding increase of 6.
Thus (EZ’_Q)% slightly decreases downstream with increasing |4|2. (?5)‘% extends more in the radial
direction with increasing | 4|3, as shown in figure 304 for St = 0.5 and x/d = 5. For |4|3 = 10-3,
the increases in £ and 6 are a maximum at St = 0.35. The radial extent and the magnitude of
(u—'2)5‘ are a maximum for S¢ = 0.35 (figure 305).

0

x/ d x /d
Ficure 31. Mean flow momentum thickness & along the jet for several energy levels [4|2. (a) St = 0.18, (b)
St = 0.35, (¢) St = 0.50, (d) St = 0.80.

(iii) The mean flow

Both the large-scale structure and the fine-grained turbulence influence the mean flow shape
through 6, as can be seen from the shape assumption (4.1) and the integrated energy equations
(5.1)—(5.3). Since both |4|? and E increase with |4|3, the mean flow energy loss consequently
increases. As 6 is inversely proportional to the energy content of the mean flow, it increases with
| 4|3, as shown in figure 31. Once the large-scale structure has completely decayed, the mean flow
growth is governed by its interaction with the fine-grained turbulence alone. Because the large-
scale structure alters the values of £ and 6 downstream, the rate of spreading downstream is
slightly greater than the corresponding rate in the complete absence of any large-scale structure.

To display the effect of the large-scale structure in accelerating the mixing process, let us
define the end of the potential core as the point where the axial mean velocity U atr = 0.5 equals
95 9, of'its centreline value. Such a definition gives 6 = 0.25 for the end of the potential core. By

59 Vol. 298. A


http://rsta.royalsocietypublishing.org/

AL B

/

THE ROYAL A
SOCIETY \

PHILOSOPHICAL
TRANSACTIONS
OF

THE ROYAL A
SOCIETY LA

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

582 R. MANKBADI AND J.T.C. LIU

1.0

0.35<5t<0.80
0.18

0 1 2 3

Ficure 32. Radial distribution of the mean flow velocity ratio U/U, at x/d = 5; (a) for various |4|3, §t = 0.50;
(6) for various St, |4|3 = 10-3,

using this definition, figure 31 gives the length of the potential core in the absence of large-scale
structure as 5.5d and also shows that in the presence of large-scale structure, it could be as short
as one diameter length. The end of the potential core indicates that the shear layer has extended
to the jet centreline and is consequently an indication of the mixing rate. Thus the large-scale
structure can reduce the mixing region considerably.

The effect of the large-scale structure on the mean flow is influenced by both the amplification
and the streamwise lifespan of |42, and both of these quantities are governed by St and |4]3.
Consequently, the Strouhal number that produces maximum enhancement in the spreading of
the jet depends on the level of excitation. These Strouhal numbers are 0.18, 0.35 and 0.8 for
| 4|3 = 101, 10-3 and 105 respectively.

Since @ increases with | 4|2, the radial extent of the mean flow increases with | 4|3, as shown in
figure 324 for St = 0.5and x/d = 5. For |4|3 = 10~3and x/d = 5, figure 325 shows that the radial
extension of the mean flow increases with Strouhal number up to $¢ = 0.35. Further increase in


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

LARGE-SCALE STRUCTURES IN A ROUND JET 583

%ﬁ
i/\\:q,»dw I;::
- <
NI
olm
~ =
= O
=0
o 80

(d)

|4|5=10

PHILOSOPHICAL
TRANSACTIONS
OF

42T,/ 1413

T

A

<

2 Ficure 33. Large-scale structure production rate |4|2Iy, /|4[2 along the jet for various initial energy levels ||2.

3 > (a) St = 0.18, (b) St = 0.35, (¢) St = 0.50, (d) St = 0.80.

ok :

[ E St, under the same initial conditions, produces the same increase in jet spreading as that for

MO St = 0.35. Thus, if it is of interest to accelerate jet spreading by forcing a large-scale structure, it

E @) would be appropriate to seek an optimum Strouhal number that produces the greatest increase in
%)

the spreading of the jet for a given level of forcing.

(¢) The energy transfer mechanisms

To understand the energy transfer mechanisms, all the energy exchange terms appearing in
the nonlinear interaction problem (5.1)—(5.3) are discussed here in detail.
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(b)

Frcure 34. Large-scale structure to fine-grained turbulence energy transfer rate |4|2EI, , /| 4|2 along the jet for
several initial energy levels |4|2. (a) S¢ = 0.18, (b) St = 0.35, (¢) St = 0.50, (d) St = 0.80.

(1) The large-scale structure production

The large-scale structure production, |4|2Iy /| 4|3, as shown in figure 33, first increases toa
maximum along the jet as a result of increasing |A4|2 Farther downstream, as a result of the
weakening mean shear, Iy decreases, as does |4|2, and consequently, the large-scale structure
production decreases along the jet. For large St, the production integral I .. becomes negative
downstream. Hence the production process is reversed and energy is transferred from the large-
scale structure to the mean flow, contributing to the decay of the former. Once |4|? = 0 the
production process ceases.

Since increasing |4|2 accelerates the development processes and since T goes to zero faster
as the Strouhal number increases, the streamwise duration of the production process is approxi-
mately proportional to both St! and In |4]|-2.
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(i1) The interaction between the large-scale structure and the fine-grained turbulence

Since I, decreases with 6, the turbulent dissipation |A4|2EI, /|A|} first decreases slightly
along the jet, as shown in figure 34. Butsince | 4|2 and E are increasing along the jet, the turbulent
dissipation increases to a maximum and then decays with |4|2. Once |4|? = 0, the large-scale
structure has no more energy to be lost; the interaction between the large-scale structure and
the fine-grained turbulence ceases.

Comparing figures 34 and 33 shows that the turbulent dissipation is much greater than the
corresponding negative production. Thus the turbulent dissipation mechanism is the dominant
one which gives rise to the decay of the large-scale structure. In the absence of turbulent dissipa-
tion, (5.2) gives the wave-growth as

A7 = |A[3 UG Sty )/ oo, S exp | [ i (o, S /1l St ) e,

which shows that | 4|2 grows exponentially as long as I ¢ (x', St, b) is positive. Thus, wereitnot for
the turbulent dissipation, the wave would have continued to grow much farther along the jet.

The large-scale structure grows in the initial region of the jet by extracting energy from the
mean flow. As the mean shear decreases along the jet, the large-scale structure production cannot
balance its turbulence dissipation and consequently decays. Most of the large-scale structure
energy has thus been transferred to the fine-grained turbulence, while a smaller portion is
returned to the mean flow. It extracts energy from the mean flow only to give it, in addition to its
own initial energy, to the fine-grained turbulence.

(iii) The fine-grained turbulence production by the mean flow

As E is increased, the large-scale structure acts as a catalyst in increasing the fine-grained
turbulence production EIy , as shown in figure 35. The rate of production is a balance between
the level of turbulence E and the jet spreading. Since E increases along the jet while Iy ( (0)
decreases, the production attains its maximum or minimum depending on the rate at which E
increases relative to the rate at which Iy, , decreases along the jet. Far downstream the growth
of Eis balanced by a similar growth in @ so that the production EI}, ; attains an asymptotic value
of approximately 0.005, independent of the initial level of the large-scale structure.

(iv) The viscous dissipation

Since I, decreases with 6, the viscous dissipation E%I, is also a balance between the level of
turbulence E and the radial extension of the jet through 6. Since both E and 0 increase along the
jet, the viscous dissipation varies accordingly. Since E increases with | 4|3, the viscous dissipation
also increases with | 4|3, as shown in figure 36. But for the downstream region the growth of E is
balanced by a similar growth in € in such a way as to make the viscous dissipation attain an
asymptotic value of approximately 0.004, independent of the initial level of the large-scale
structure. Comparing figures 36 and 35 shows that the asymptotic value of the production is
greater than the asymptotic value of the viscous dissipation. Consequently, F increases linearly
downstream.

The role of the fine-grained turbulence in the interaction process can now be stated. The fine-
grained turbulence absorbs energy continuously from the mean flow and the large-scale struc-
ture, as long as the latter has any energy, and some of the fine-grained turbulence kinetic energy
is converted into internal energy by the viscous dissipation.
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= g
® |4]2. (a) St = 0.18, (b) St = 0.85, (c) St = 0.50, (d) St = 0.80.
et 2 °

e
E 8 (v) The mean flow energy loss
=w Since both |4|2 and E increase with |4]3 the mean flow energy loss |4|2fg ¢ + Elf ¢ also in-

creases with | 4|3, as shown in figure 37. The variation in the mean flow energy loss along the jet
follows from the variations of each production term. Far downstream, the loss is governed by the
fine-grained turbulence production alone. Since the latter approaches an asymptotic value
independent of the large-scale structure, the mean flow energy drain also attains the same
asymptotic value independent of the large-scale structure. This asymptotic value indicates that
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the rate of jet spreading is constant, as we have already seen in figure 31. This is in agreement
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E}/E,
E*IJE,

20
L (c)

B, /E,

F1GUre 36. Fine-grained turbulence viscous dissipation rate E¥I,/E, along the jet for several initialbenergy levels
[4[3. (a) St = 0.18, (b) St = 0.35, (¢) St = 0.50, (d) St = 0.80.

with experimental observations for the fully developed region of the jet (Corrsin 1943; Corrsin &
Uberoi 1950; Albertson et al. 1948).

At a given axial location, the difference between the energy loss at a finite |42 and that at
|4]§ = 0 represents the increase in the mean flow energy loss as a result of the presence of the
large-scale structure. Though the large-scale structure production is negative in some downstream
locations, the fine-grained turbulence production exceeds this negative production, so that the
net mean flow energy loss is always positive. Therefore, the role of the mean flow in the inter-
action process is to transfer net energy to the two fluctuating flow components.

The results here indicate that, downstream of the non-equilibrium region brought about by
the growing and decaying large-scale coherent structure, the development of the mean flow and
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Ficure 37. Mean flow energy loss rate ]A]th,+ EIy , along the jet for several initial energy levels |4]3.
(a) St = 0.18, (b) St = 0.35, (¢) St = 0.50, (d) St = 0.80.

fine-grained turbulence is practically independent of the initial levels of the large-scale structure.
This is somewhat reminiscent of the achievement of self-preservation discussed by Townsend

(1956).
8. THE NONLINEAR DEVELOPMENT OF THE n = 1 MODE

Since the experimental observations have shown the large-scale structure to consist of several
azimuthal components, by taking n = 1 we consider here the asymmetric component of the
large-scale structure which rotates around the jet centreline like a helix. The results for then = 1
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Ficure 38. Large-scale structure kinetic energy ratio | 4|2/ |A|§ along the jet: comparisons between the n = 0 and
n = 1 modes. (a) St = 0.18, (b) St = 0.35, (c) St = 0.50, (d) St = 0.80.

mode are compared with the corresponding results for the # = 0 mode under the same initial
conditions, |A4|} = 10-5, E, = 102 and 6 = 0.034. Four Strouhal numbers 0.18, 0.35, 0.50 and
0.80 are considered here, to span the range of Strouhal numbers of interest.

(@) The large-scale structure

The amplification of | 4|2 is shown in figure 38 for both values of #. The production integral
I ¢ for n = 1 at small Strouhal numbers is larger than that for the » = 0 mode. The results thus
show that only at small Strouhal numbers is the z = 1 mode amplified more than the n = 0 mode.

For all Strouhal numbers considered, the asymmetric wave decays downstream much faster
than the axisymmetric wave. The azimuthal action of the wave produces an efficient mechanism
for energy transfer between the large-scale structure and the fine-grained turbulence as discussed
in §§4 and 5. Thus, the larger values of the interaction integral I , produce a greater turbulent
dissipation, that causes the asymmetric modes to be restricted to a smaller region in the vicinity
of the nozzle exit, compared to that of the » = 0 mode at the same Strouhal number. For the most
part, the jet observations would most likely show the axisymmetric mode to be the dominant
one (Michalke & Fuchs 1974).

6o Vol. 2g8. A
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Ficure 39. Large-scale structure r.m.s. azimuthal
velocity component (%55)5/ (?w‘g)* along the
centre of the shear layer r = 1 for various
Strouhal numbers; n = 1.

Figure 40. Fine-grained turbulence kinetic energy
ratio E/E, along the jet: comparison between
the # = 0 and n = 1 modes. St = 0.35.

The azimuthal velocity (1_772)% is identically zero for n = 0. Its distribution along the jet for the
n = 1 mode is shown in figure 39 for several values of $t. As St increases, the peak of (W)’} moves
closer to the nozzle exit; its lifespan is reduced and its peak amplification is achieved about
St = 0.5, which is also the peak Strouhal number for |4|2 for the initial conditions considered
here.

(b) The fine-grained turbulence

Although the large-scale structure streamwise lifespan is shorter for the » = 1 than for the
n = 0 mode, the turbulent dissipation for n = 1 is so effective that the energy loss from the large-
scale structure to the fine-grained turbulence is greater than that for n = 0. Therefore, £ is
somewhat larger for n = 1, as shown in figure 40 for St = 0.35. At smaller S¢ the wave amplifica-
tion is too weak for the influence of 7 on E to be pronounced. For $¢ = 0.35 the greater amplifica-
tion of |4|? at n = 1 is added to the efficient turbulent dissipation mechanism to produce the
maximum influence of the n = 1 mode on E. As the Strouhal number increases further, the wave
lifespan is reduced and consequently its effect on £ diminishes. Thus the St = 0.18, St = 0.50
and St = 0.80 cases all show negligible influence of z on £, and they are not given here. (The
influence on n of £ produces a similar effect on the centreline values of (175)%, which is not shown
here.) Far downstream the effect of z on increasing £ is balanced by a corresponding increase in
0 in such a way that (W)% becomes independent of n downstream.

(¢) The mean flow

As aresult of increasing F, the fine-grained turbulence production is greater for the » = 1 than
for the n = 0 mode. Thus the jet spreading is slightly greater for n = 1, as shown in figure 41 for
St = 0.35. The weak wave amplification at smaller Strouhal numbers and the short wave lifespan
at greater Strouhal numbers make the influence of 7 on the mean flow more pronounced only in
the range 0.35 < St < 0.50.
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Ficure 41. Mean flow momentum thickness along the jet: comparison between the # = 0 and 7 = 1 modes.

St = 0.35.
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Ficure 42. Large-scale structure production rate IAI"TR_B‘/ |4]3 along the jet: comparison between the n = 0 and

n = 1 modes. (a) St = 0.18, (&) St = 0.35, (c) St = 0.50, (d) St = 0.80.
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Ficure 43. Large-scale structure to fine-grained turbulence energy transfer rate |4|2EI,, /| 4|3 along the jet:
comparison between the n = 0 and #n = 1 modes. (a) St = 0.18, (5) St = 0.35, (¢c) St = 0.50, (d) St = 0.80.

(d) Energy transfer mechanisms

To display the difference in the energy exchange mechanisms for the two modes, the energy
exchange terms are compared for both values of n.

Asaresult of the larger production integral Iy, |4|2 I /|4|3isgreaterfor n = 1 thanforn = 0
at small Strouhal numbers, as shown in figure 42. The rapid decay of the asymmetric mode
reduces the duration of wave production and the wave decays before the production becomes
negative. The ‘inviscid’ decaying mechanism is less pronounced for # = 1, than for n = 0, while
turbulent dissipation is again the basic mechanism by which the z = 1 mode decays.

As previously discussed, the additional wave-induced stresses and rates of strain for the n = 1
mode increases its turbulent dissipation integral I, as shown in figure 43. This thus explains
the rapid decay of the asymmetric wave shown in figure 38.

The larger values of E for the n = 1 mode automatically increases the fine-grained turbulence
production EI ¢ ,as shown in figure 44. But far downstream the effect of z on £ is balanced by a
similar effect on @ and the production attains the asymptotic value of 0.005, irrespective of n.

Similarly, the viscous dissipation E%/, is greater for n = 1, because of E, as shown in figure 45.
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Ficure 44. Fine-grained turbulence production rate Ely, /E, along the jet: comparison between the n = 0 and
n = 1 modes. (a) St = 0.18, (5) St = 0.35, (¢c) St = 0.50, (d) St = 0.80.

Yet, since the viscous dissipation is proportional to E# rather than E, the influence of # on E is
balanced by a similar influence on 6 and the viscous dissipation attains its asymptotic value of
0.004 downstream, irrespective of n. The present results again show features of the observed

p
[\ \

i — self-preservation of the downstream region of the jet.

S — For this level, |4|3 = 10-5, the mean flow energy loss is mainly a result of the fine-grained
= E turbulence. Since the production of the latter is slightly greater for z = 1 than for n = 0, the mean
mQ flow energy loss is also slightly greater for » = 1, as shown in figure 46. Therefore, ifit is of interest
O to accelerate the rate of mixing by forcing an organized structure, an asymmetric wave could be
=w more efficient than the axisymmetric one.
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Ficure 45. Fine-grained turbulence viscous dissipation rate
E*I,/E, along the jet: comparison between the 7 = 0 and
n = 1 modes. (a) St = 0.18, (b) St = 0.35, (c) St = 0.50,
(d) St = 0.80.
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9. CONTROLLING THE DEVELOPMENT OF THE LARGE-SCALE STRUCTURE

In the two preceding sections, the development of the large-scale structure was shown to
depend on the initial level of excitation, the Strouhal number, and the azimuthal wavenumber.
We now consider controlling the development of large-scale structure by adjusting the initial
fine-grained turbulence level £, and the mean flow momentum thickness 6,. We shall discuss
thisin terms ofthen = Omode; the effectson then = 1 mode would be qualitatively similar. This
initial level of the large-scale structure is taken to be | 4|2 = 10~5. Two Strouhal numbers, 0.35
and 0.8, are considered to represent the low and high frequencies respectively.

(a) The influence of the initial fine-grained turbulence level

E, could be as small as zero, corresponding to the laminar case, and as large as 0.1 ,which means
that values of (172‘)5‘ at the centre of the nozzle exit correspond to about 30 9, of the jet exit
velocity. Values of £, = 101, 10-3, and 10-5 are considered here, while 8, is taken to be 0.034.

Ficure 46. Mean flow energy loss rate |A|’TM.+ EI;, along
the jet: comparison between the » = 0 and n = 1 modes.
(a) St = 0.18, (b) St = 0.85, (c) St = 0.50, (d) St = 0.80.
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Ficure 47. Effect of initial fine-grained turbulence energy levels E; on the development of large-scale structure
energy ratio |4|2/]4|} along the jet. (a) St = 0.35, (b) St = 0.80.

It is easily shown from (5.2) that the fine-grained turbulence has a damping effect on the
large-scale structure. Since dE/dx oc E, the growth of E increases with E,. Consequently, the
turbulent dissipation |4|2E] /| 4|3 increases with E, and accelerates the damping of the large-
scale structure, as shown in figure 47. If E, is identically zero, £ remains equal to zero along the
jet and the amplification of the large-scale structure is given by

IA(x)]2 — 12(x0’ St, n) ex z R.s.(x” Sts n) x:
4~ L Shn P ), L Son)

which shows that there is a continuous growth of |4|? as long as I, ¢ is positive. The saturation
and damping of |4|2 would be provided by the character of I s alone.

When E, # 0, its role is to produce a turbulent dissipation that damps the large-scale structure.
The large-scale structure could be reduced, or possibly eliminated, by increasing the initial fine-
grained turbulence level. This is entirely in accordance with the observations of Chandrsuda
et al. (1978). According to the physical picture brought out here, it is thus important to study the
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initial levels E, and |4|3 (and 6, as well) in any ‘natural’ or forced experiments in order to
explain the appearance or non-appearance of the large-scale structure.

Since the viscous dissipation is proportional to £%, while the fine-grained turbulence production
is proportional to E, increasing E, produces an increase in E%], greater than the corresponding
increase in Ely , . The rate of growth of E thus decreases with increasing E,, as shown in figure 48.

0.10

0.05

0.10

0.06

0 5 10 15
x/d
Ficure 48. Effect of initial fine-grained turbulence energy levels E,; on the development of fine-grained turbulence
energy E along the jet. (a) St = 0.35, (b) St = 0.80.

A large increase in E, (for example, £, = 0.1) causes the viscous dissipation to exceed the fine-
grained turbulence production; thus £ decreases until the production exceeds the dissipation and
E increases again. By this competitive mechanism the behaviour of £ is self-adjusting so that £
increases downstream at a rate that is practically independent of E,. However, far-downstream
the values of E themselves increase with E,,.

Because of the increase in £, the fine-grained turbulence production increases with E,. Con-
sequently the jet spreading rate also increases with £, as shown in figure 49. Thus, the mixing
rate could also be increased by increasing E,. This result has also been confirmed by the experi-
mental observations of Hussain & Zedan (19784).
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To understand the relative effectiveness of the large-scale structure and fine-grained turbulence
in enhancing the mixing process, we again take & = 0.25 as an indication of the end of the poten-
tial core. At §¢ = 0.35, increasing | 4|3 from 10-5 to 10-3, as in figure 31, produces a 28 %, reduc-
tion in the length of the potential core, while the same increase in £, from 10~% to 10-3, as in
figure 49, produces only an 18 9, reduction in the length of the potential core. The large-scale
structure then appears to be a more efficient means, than the fine-grained turbulence, to accel-
erate the jet spreading and mixing, as is confirmed by the observations of Binder & Favre-
Marinet (1973).

1.0

> 0.5

1.0
- (b)

0

x/d
Ficure 49. Effect of initial fine-grained turbulence energy levels E, on the development of mean flow momentum
thickness 6. (a) St = 0.35, (b) St = 0.80.

(b) The effect of the initial mean velocity profile

The role of the initial mean velocity profile can be investigated by studying 6,: 6, = 0 produces
a top-hat profile, and as 6, increases the mean velocity profile becomes smoother. The degree of
smoothness of the mean velocity profile varies with the nozzle geometry and the conditions ahead
of the nozzle. To study the effect of smoothing the mean velocity profile at the nozzle exit, 6, is
taken to be 0.034, 0.100 and 0.200 while |4|3 and E, are taken as 10~5 and 10~ respectively.

Since the tendency to instability, as contained in I 5 , decreases with increasing 6, the large-
scale structure production and consequently its amplification decreases with increasing 6,, as
shown in figure 50. Therefore, the large-scale structure development could be suppressed by

61 Vol. 298. A
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Ficure 50. Effect of initial momentum thickness ¢, on the development of large-scale structure energy ratio
|4]3/]A|3 along the jet. (a) St = 0.35, (b) St = 0.80.

using a smooth mean flow at the nozzle exit. Experimentally this has been found to be practicable
by Chan & Templin (1974).

For | 4|} = 1075, the large-scale structure would not, in general have a significant influence on
the fine-grained turbulence. Increasing 6, reduces both the production integral Ij;, ; and the
viscous dissipation integral I,. Increasing 6, from 0.034 to 0.1 reduces the viscous dissipation more
than the production. Therefore E increases as ¢, increases to 0.1, as shown in figure 51. As 6,
continues to increase, the reduction in production exceeds the reduction in dissipation. Therefore
E decreases with increasing 6,, to 0.2. For the downstream region, the influence of 6, on £ is
balanced by a similar influence on 0 and the growth rate of E is again independent of §,, which
again is consistent with the observed self-preservation of the fully developed jet.

For the same value of |4|3, the development of the mean flow is governed primarily by its
interaction with the fine-grained turbulence alone. Because the mean shear decreases with
increasing 6,, the production EIf, ., and consequently df/dx, decrease with increasing 6,. But
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E/E,
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E/E,

Ficure 51. Effect of initial momentum thickness 6, on the development of fine-grained turbulence energy ratio
E/E, along the jet. (a) St = 0.35, (b) St = 0.80.

far downstream, where the production is independent of 6, the rate of spreading of the jet is also
independent of 6,, as shown in figure 52. This is consistent with Hussain & Zedan’s (19785)
observation that the initial momentum thickness Reynolds number has an insignificant effect
on the rate of spreading of the jet. We have seen, however, that 6, has a rather spectacular
effect on the large-scale structure (figure 50) in the nonequilibrium region and a consequent
effect on the fine-grained turbulence energy levels both locally and in the far downstream region
(figure 51).

Some aspects of this work were first presented at the Eighth U.S. National Congress of Applied
Mechanics (Liu 1978) and at the 1979 Spring Meeting of the American Physical Society,

61-2
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(a)

0.5

Ficure 52. Effect of initial momentum thickness 6, on the development of mean flow momentum thickness 6.
(a) St = 0.35, (b) St = 0.80.
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